This study presents a DEA model without the conventional non-Archimedian infinitesimal E. This article also introduces a new DEA efficiency measure. Incorporating slacks in inputs and shortages in outputs, the new DEA measure expresses the relative efficiency of decision making units more properly than traditional one.
Introduction and Historical Background
In their ingenious paper [lOJ, Charnes, Cooper and Rhodes introduced a fractional programming method to measure the relative efficiency of a Decision Making Unit (DMU), which was solved by transforming the fractional programming into a linear programming problem via the Charnes-Cooper scheme [6J. The method was referred to as DEA (Da.ta Envelopment Analysis). The DEA model proposed in [10J maintained an assumption; all the weighting values to inputs and outputs were assumed to be nonnegative. In the subsequent "short communication" [11] , Charnes et. al. changed their DEA problems and required that the weights be strictly positive. Thus, t.he introduction of the non-Archimedian infinitesimal e was anticipated to distinguish bet.ween nonnegative and positive values. ( This problem was already discussed in [10J implicitly.) Although the subsequent discussions can be found in [5] , [7] , and [12] , and the role of e has become unclear and weakened, it is still frequently used in the literature (e.g., [4] , [8] ) and in particular, in some cases of computational situations, values such as e = 10-5 ,10-6 (single precision) or e = [10] [11] [12] (double precision) are conveniently employed to substitute for the non-Archimedian infinitesimal e. However, the approach may produce a theoretically contradicting issue. That is, we cannot uniquely determine what is the best~. Different e values yield different DEA results. Therefore, we need a completely e-free development of DEA from both theoretical and computational points of view.
This article is organized as follows. Section 2 defines an input oriented DEA model based on the production possibility set. Its dual corresponds to the Charnes-CooperRhodes (CCR) model with the weights to inputs and outputs as variables. Then, we define a DMU as slackless if, for every optimal solution to the DEA model, it has no slack in inputs and no shortages in outputs. By a theorem of the alternative or the strong theorem of complemantary slackness, it will be proved that for a slackless DMU there is a strictly positive weight solution in the corresponding CCR model. Subsequently, for a DMU with non-zero slacks in an optimal solution to the DEA model, there exist no positive weight solutions in the CCR model. Section 3 defines the max-slack solution and shows a procedure to find it. The max-slack solution can be used for deciding whether the DMU is slackless or not. Then, we propose a method for finding positive weights for slackless DMUs. Thus, all jobs of the CCR model can be successfully achieved with no recourse to e. Section 4 introduces a new measure of relative efficiency, based on the max-slack solution, which takes account of slacks in the inputs and shortages in the outputs of the objective DMU. As a consequence, the new DEA measure expresses the relative efficiency of DMUs more properly than the traditional one. [9] ) is defined by
(1) (2)
where () E R and A E Rn are variables.
This model contracts inputs as far as possible while controlling for outputs. The dual of
where v E Rm and 1£ E R' are variables. Proof Although the theorem is a natural consequence of the strong theorem of complementary slackness, we will show another proof.
If DMU o is slackless, there is no solution (.\,sx,Sy) for the system:
Yo y.\ -Sy,
.\ > 0,
(Sr,Sy) > o and (sr, Sy) i= o.
By applying Slater's theorem of the alternative (see Appendix 1), modified for the non homogenous system, to the system (6)- (9), it is concluded that the system (10) vTX ~ u.TY,
Since v T Zo ~ 0, there are two cases:
(17) The max slack solution can be obtained by a 2-phase process as follows:
The first phase minimizes 0 of (LP o )' Then, the second phase maximizes w = eT.'jx + eT Sy, while keeping 0 = 0* (the optimal 0 value). It hardly needs pointing out that DMU o is slackless if and only if its max slack solution satisfies w = eT Sx + eT Sy = O. From the definition of efficiency, it is Q, straight forward matter to state that a DMU is efficient if it has 0* = 1 and is slackless. Otherwise, it is inefficient. (The above procedure and the definition of efficiency are given in [12] , as well.)
It is important to note that in the original CCR model [10] , the weights u and v were required to be nonnegative and then, in the subsequent paper [11], the problem was changed and required u and v to be positive, considering the slackness in (LP o ). Specifically, in [7] , Charnes 
New Measure of Efficiency
The traditional DEA considers 0* as the efficiency measure. However, 0* is indifferent to the level of slacks in inputs and outputs and hence is misleading as a practical means for relatively comparing DMUs. Now, we can define another type of efficiency by the following principles: (1) it should be the same as 0* when the DMU is slackless, and (2) it should be decreasing in the relative value of slacks in inputs and outputs.
In an effort to achieve this purpose, we propose a new measure of efficiency, defined by Proof. The efficiency of (Ze, Ye) is estimated by solving the following problem:
Here let a max slack optimal solution of (Ll~,) be (O;,..\:,s;e,s~J. From O·zo = :I':e + s;
and Yo = Ye -s~, the following conditions are obtained: 
The 1]* defined above is uniquely determined for the given weights Wx and Wy and reflects the intention of the input oriented DEA.
Concluding Remarks
Considering the primal and the dual sides of the DEA model, this article pointed out the equivalence of the slackless solution in the primal and the existence of a positive weight in the dual. This study also proposed a new measure of efficiency. Although we have been mainly concerned with the input-oriented DEA, we can easily extend the results to the output-oriented DEA which is usually represented by:
where The new measure of efficiency proposed in this study can be easily incorporated within these models as long as the models are derived from some production possibility set.
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